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Abstract

We have previously shown that the distribution function describing the probability that a biological macromolecule
picked at random has a particular enthalpy value can be calculated from the temperature dependence of the heat
capacity of the macromolecule. The free energy as a function of enthalpy(free energy distribution) can then be
determined from the enthalpy probability distribution. In addition, the free energy distribution at an arbitrary
temperature can be calculated from the free energy distribution at a reference temperature. Here we apply this
approach to a family of similar macromolecules, namely a set of transfer RNAs, specifically tRNA , tRNA ,Phe Val

tRNA , tRNA , tRNA and tRNA . Using published heat-capacity data, we calculate the enthalpy probabilityMet Ser Asp Ile

distribution functions for all of these molecules at five different temperatures covering the range from 30 to 808C.
We then use these distributions to give a reference free-energy distribution, from which the thermodynamics at any
temperature can be calculated for each species. We compare the reference free-energy distribution for the five tRNAs
and find that, while the overall form of the distributions is similar, the local behavior of the functions varies
considerably between the species.
� 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Biological macromolecules in an aqueous solu-
tion exhibit a wide range of different enthalpy
values. The quantitative description of this varia-
tion is the enthalpy distribution function, which
gives the probability that a molecule picked at
random will have a particular value of the enthalpy.
We have recently shownw1x that if the experimen-
tal temperature variation of the heat capacity of a

*Tel.: q1-410-516-7441; fax:q1-410-516-8420.
E-mail address: poland@jhunix.hcf.jhu.edu(D. Poland).

macromolecule is known, these data can then be
converted into a set of moments of the enthalpy
distribution function, and that the moments, using
the maximum-entropy method, can be used to
calculate the enthalpy probability distribution
itself. We have applied this method to various
proteinsw2x using the heat capacity data of Mak-
hatadze and Privalovw3x. The most interesting
feature of these probability distributions is that for
many proteins they are bimodal, with a peak at
low enthalpy(representing the native state) and a
peak at higher enthalpy(representing the denatured
state). Thus, for some proteins the temperature
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Fig. 1. The heat capacity in units of kJ mol K vs. they1 y1

centigrade temperature for tRNA . The data are taken fromPhe

Privalov and Filimonovw6x. The three curves are for different
salt conditions: the low, broad curve is for the case of 150 mM
NaCl; the middle curve is for the case of 150 mM NaCl and
1 mM MgCl ; and the high curve is for the case of 1 mM2

MgCl .2

dependence of the heat capacity leads to a bimodal
distribution function, supporting the two-state pic-
ture of protein denaturation(with broad fluctua-
tions in the enthalpy of both native and denatured
forms). A significant feature of this analysis is
that no model is assumed: the two-state picture
naturally emerges from the experimental heat-
capacity data.
We then extended this kind of analysis to obtain

the free energy corresponding to a particular
enthalpy state, which was shown to be equivalent
to an empirical method for calculating the density
of states as a function of enthalpyw4x. An impor-
tant property of the free energy as a function of
enthalpy is that this distribution function can be
obtained at any temperature by a simple modifi-
cation to the free-energy distribution at a reference
temperature. Thus, this reference free-energy dis-
tribution contains all of the thermodynamics of the
macromolecule at any temperature. We have
recently applied these ideas to the denaturation of
proteinsw5x.
In the present paper we apply this method to a

set of tRNA molecules with the purpose of com-
paring the free-energy distributions for a set of
similar molecules. The data we use are those of
Privalov and Filimonovw6x, who have measured
the heat capacity,C (T), for the tRNA moleculesp

for the amino acids valine, phenylalanine, methi-
onine, isoleucine, serine and aspartic acid at vari-
ous salt conditions. We copied and enlarged their
published curves(containedw6x in their Fig. 1)
and then computer-interpolated smooth curves
through a large set of data points. The results for
tRNA are shown in Fig. 1. The three curvesPhe

correspond to different salt conditions: the low
curve is for 150 mM NaCl; the middle curve is
for 150 mM NaCl and 1 mM MgCl ; and the high2

curve is for 1 mM MgCl . There are similar data2

for the other five species. In the present paper we
focus on the broadest curves(for 150 mM NaCl),
both because we can obtain these data accurately
from the published graphs and because we want
to examine the behavior of the free-energy distri-
bution for these molecules over a wide range of
temperature. In the final section of this paper we
treat the intermediate peak for tRNA given inPhe

Fig. 1.

The broadC (T) curves for all six tRNA mol-p

ecules (expressed in kJ mol K using they1 y1

molecular weights inw6x) are shown in Fig. 2. The
solid dots indicate the values of the temperature
about which we form expansions of the heat
capacity to obtain the enthalpy probability distri-
butions. We outline this procedure in the next
section.

2. Enthalpy probability distributions

The starting point for our free energy calculation
is the experimental temperature dependence of the
heat capacity, as shown in Fig. 2. A particular
value of the temperature is picked, such as any
one of the solid dots in Fig. 2, as an expansion
center. Designating this reference temperature as
T , we define DT as the difference between ar

general temperatureT andT :r

DTsTyT (1)r

The temperature variation of the heat capacity in
the neighborhood ofT is then fitted to a series inr

powers of DT wthe Taylor series expansion of
C (T) in terms ofDTx:p

2C T saqbDTqcDT q« (2)Ž .p

where
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Fig. 2. The heat capacity in units of kJ mol K vs. the centigrade temperature for the tRNAs for phenyalanine, methionine,y1 y1

serine, aspartic acid, valine and isoleucine. The conditions are for the case of 150 mM NaCl, the conditions corresponding to the
broad curve shown in Fig. 1. The solid dots indicate the temperatures about which expansions have been made.

asC T ; bs ≠C y≠T ;Ž . Ž .p r p Tr

1 2 2cs ≠ C y≠T (3)Ž .p Tr2

The series given in Eq.(2) is truncated at a finite
number of terms. In particular, obtainingCp

through the quadratic term in DT is
straightforward.
Using some elementary statistical mechanics,

we can showw1x that the temperature derivatives
of the heat capacity given in Eq.(3) are related
to the moments of the enthalpy distribution. We
define P(H) as the normalized enthalpy distribu-
tion for a given temperature, which is the proba-
bility that a molecule picked at random has an
enthalpyH. The first two moments of this distri-
bution are:

2H s H P H dH, H s H P H dH (4)Ž . Ž .1 2| |
with themth moment being given by:

mH s H P H dH (5)Ž .m |
As we have shownw1x, we can obtain a set of the
enthalpy moments directly from the temperature
dependence of the heat capacity, specifically, from
the constantsa, b and c of Eq. (3). Given the
expansion of the heat capacity through the term in
DT given in Eq. (2) is enough information to2

experimentally obtain the first four enthalpy
moments. Given just the value ofC at T isp r

enough information to obtain two enthalpy
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Fig. 3. The enthalpy probability distribution,P(H), as a func-
tion of the enthalpy in units of kJ mol for tRNA at they1 Phe

temperature of the maximum in the heat capacity(53.7 8C) as
shown in the broad curve in Fig. 1(which is repeated in Fig.
2). There are three curves shown giving the results of using
two, four, and six moments, respectively, to calculateP(H). In
this case the three results are essentially identical.

Fig. 4. The heat capacity(in units of kJ mol K ) as ay1 y1

function of the centigrade temperature of tRNA for the casePhe

of 150 mM NaCl showing the five temperature-expansion
centers.

moments, while an expansion ofC that is quad-p

ratic in DT yields six such moments.
Given a finite set of enthalpy moments, we then

use the maximum-entropy methodw1,7x to obtain
an approximation to the functionP(H). In this
method, a general distribution functionP(x) is
expressed as follows:

w z
x |P x sexpyg x (6)Ž . Ž .y ~

where

n
mg x s x l (7)Ž . m8

ms0

Specifically, the method involves a technique
whereby we take a set of moments, theH , andm

convert these into a set of parameters, thel givenm

in Eq. (7). The numerical technique to obtain the
l values from the moments involves a non-linear
iteration procedure that is simple and quick. If we
have the values ofn moments, we can then
calculate thel parameters throughl (the param-n

eterl acts as a normalization constant). The moreo

moments we have, the morel parameters in Eq.
(7) that can be calculated, and the closer the
approximate distribution thus obtained will be to
the actual distribution. If we have only two
moments, then the distribution function obtained

is of the classic Gaussian form. If we have four
moments, then we can resolve two peaks in the
distribution function; this bimodal behavior is
observed inP(H) for many proteinsw2x. We can
observe that for the tRNA molecules treated in the
present work the distribution functions converge
very rapidly to a limiting form as the number of
moments used is increased.
As an example of the construction of the distri-

bution functionP(H), we show the results obtained
when we pick the temperature-expansion center
for tRNA at the peak in theC (T) function thatPhe

p

is shown in Fig. 2. ExpandingC (T) about thisp

temperature in a quadratic inDT gives six
moments of the enthalpy distribution at the given
temperature. Using the maximum-entropy method,
we then obtainP(H) using successively two, four
and six moments. The results of this calculation
are shown in Fig. 3. It is evident that the results
for the three cases are almost superimposable,
indicating that in this case the Gaussian form of
the distribution function is quite accurate, which
is in contrast to the behavior found in many
proteins, where the four-moment distribution is
qualitatively different from the two-moment distri-
bution w2x.
We note that for the case where we use only

two moments, the enthalpy probability distribution
function can be given without using the maximum-
entropy method. The result is:
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Fig. 5. The lower graph shows the enthalpy distribution func-
tion, P(H), as a function of the enthalpy in units of kJ
mol evaluated at the five temperatures indicated in Fig. 4.y1

The upper graph gives the corresponding functionG9yRT as
given by Eq.(19) for each of the five distributions in the lower
graph.

1 w z2 2
x |P H s expy HyH y2s (8)Ž . Ž .1y ~

ys 2p

whereH is the average enthalpy at temperature1

T. The quantitys is given by either of the two
forms given below:

2 2y yss RT C T s H yH (9)Ž .p 2 1

whereR is the gas constant in appropriate units
and H is the second moment. The result of Eq.2

(8) applies when the range ofH is not restricted,
that is when there are neither lower or upper
bounds toH. In that case, Eq.(8) gives the same
result as the maximum-entropy method. If there is
a lower bound(for example, in the distribution for
the kinetic energy of an ideal gas where the energy
must be greater than zero), then we must use the
maximum-entropy methodw1x.

3. Free energy distributions

Given an approximate enthalpy distribution
function, we can then define a corresponding free
energy as the potential forP(H) as follows:

w z w z
x | x |P H sexpyG H yRT yexpyGyRT (10)Ž . Ž .y ~ y ~

where

w z w z
x | x |expyGyRT s expyG H yRT dH (11)Ž .y ~ y ~|

The quantityG is the usual Gibbs free energy and
G(H) is that part of G that corresponds to a
particular value of the enthalpy.
To understandG(H) further, it is useful to use

the analogy with the Helmholtz free energy for a
single molecule expressed as a sum over all energy
states(the canonical partition function):

w z w z
x | x |expyAyRT s V E expyEyRT (12)Ž .y ~ y ~8E

The quantityV(E) gives the number of ways a
fixed energyE can be arranged in the molecule,
and it is important to note thatV(E) is independ-
ent of temperature. We then rewrite Eq.(12) as:

w z w z
x | x |expyAyRT s expyA E yRT (13)Ž .y ~ y ~8E

where

A E sEyRTlnV E (14)Ž . Ž .
What we have done in Eq.(13) and Eq.(14) is
to write the total free energy,A, in terms of a
quantityA(E) referring to a particular value of the
energy. We are thus using the partition function of
statistical mechanics to introduce the concept of
A(E), but it is important to emphasize that we do
not require a specific model of the system in order
to do this.
The quantityG(H) used in Eq.(10) and Eq.

(11) is the analog ofA(E) used in Eq.(14), that
is:

G H sHyTS H (15)Ž . Ž .
At constant pressure,G and H replaceA and E,
the appropriate thermodynamic functions for the
condition of constant volume(for condensed sys-
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Fig. 6. The upper graph shows five sections of the function
G0yRT obtained from the five sections ofG9yRT shown inm

Fig. 5 and scaled to the same reference temperature,T , usingm

Eq. (22). The lower graph shows the functionG yRT formedm m

by eliminating the jumps between the pieces of the function in
the upper graph. The vertical lines indicate the position of the
joints between the original pieces.

Fig. 7. The functionG(H)yRT as a function of the enthalpy in
kJ mol at the five temperatures shown in Fig. 4 as obtainedy1

from the reference functionG yRT using Eq.(18).m m

Fig. 8. The reference functionsG yRT as a function of them m

enthalpy in kJ mol for the six tRNAs illustrated in Fig. 2.y1

The reference temperature is taken as 308C for each. The zero
of free energy is taken asG s0 atHs0.m

tems there is little difference betweenG and A
and betweenE and H). Since we considerH a
continuous variable, the sum in Eq.(13) is
replaced by an integral over all values ofH in Eq.
(11). An explicit example of the use of Eq.(12),
Eq. (13) and Eq.(14) and moments to calculate
probability distributions is given elsewherew1x.
The quantity of interest in Eq.(10) and Eq.

(11) is G(H)yRT, which we can form fromG(H)
given in Eq.(15):

G H yRTsHyRTyS H yR (16)Ž . Ž .

We then introduce a special version of Eq.(16)
in which the appropriate quantities are evaluated
at a reference temperature, which we designate as
T :m

G H yRT sHyRT yS H yR (17)Ž . Ž .m m m

The quantityS(H) that appears in both Eq.(16)
and Eq. (17) is not a function of temperature,
since it is the analog ofRln V(E) in Eq. (12) and
Eq. (14). The total entropy, for example as given
by using the totalA of Eq. (12), is of course
temperature-dependent, butRln V(E) is not. We
can then subtract Eq.(16) from Eq.(17) andS(H)
cancels, giving the important relation:

B EH 1 1
C FG H yRTsG H yRT y y (18)Ž . Ž .m m
D GR T Tm
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Fig. 9. The difference, as defined in Eq.(25) between the reference functionG yRT for tRNA and the other amino acidsPhe
m m

considered as a function of the enthalpy in kJ mol .y1

This gives the functionG(H) at an arbitrary
temperature in terms of the functionG (H) at them

reference temperatureT . Thus, if we know them

reference functionG (H), we can then calculatem

the thermodynamics and the distribution functions
at all other temperatures. Our task in the present
paper is to obtain and compare theG (H) func-m

tions for a set of tRNAs.
We begin our calculation ofG(H) using the

relation betweenP(H) and G(H) given in Eq.
(10). We assume that we have obtained a set of
enthalpy moments from an expansion ofC (T) inp

powers ofDT and, using the maximum-entropy
method, have converted the moments into an
approximate distribution functionP(H). Taking the
logarithm ofP(H), we have from Eq.(10):

G9 H /RTsylnP H sG H /RTyG/RT (19)Ž . Ž . Ž .

The quantitiesG9(H) and G(H) are the same to
within a temperature-dependent constant,GyRT.
We illustrate the construction and nature of the
functionsG9(H)yRT using tRNA as an example,Phe

since from Fig. 2 the behavior ofC (T) for thisp

system is the simplest of the six tRNAs considered.
In Fig. 4 we repeat the graph ofC (T) forp

tRNA , indicating with solid dots five differentPhe

temperature values to be used as expansion centers.
The five temperature values chosen are:Ts30,
44, 53.7, 68.7 and 83.78C. At each temperature
center we constructP(H) and then, using Eq.(19),
calculateG9(H)yRT.
The P(H) and G9(H)yRT functions thus

obtained for tRNA at each of the five tempera-Phe

tures indicated in Fig. 4 are shown in Fig. 5. In
Fig. 3 we showed that, for tRNA atT (thePhe

3
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Fig. 11. Schematic probability distribution,P(H), as a function
of the enthalpy for the case where the distribution at all tem-
peratures is unimodal and simply shifts the maximum to higher
values of the enthalpy as the temperature is increased.

Fig. 10. Schematic probability distribution,P(H), as a function
of the enthalpy for the case where the distribution is bimodal
reflecting the existence of two distinct species(native and
unfolded). As the temperature is increased, the probability of
the native species decreases and the probability of the unfolded
species increases.

temperature of the maximum inC ), the functionp

P(H) was approximated very well by the form
constructed from only two moments, with the
result that theP(H) functions for this system are
approximately Gaussian. TheP(H) functions can
be quite asymmetric or even bimodal, so this need
not be true in general. For the present example,
the approximately Gaussian shape ofP(H) trans-
lates into the simple behavior ofG9(H)yRT shown
in Fig. 5, in which the curves are approximately
symmetric about the minimum, each containing
only a single minimum corresponding to the single

maximum inP(H). We note that as the temperature
is increased fromT to T the maximum inP(H)1 5

simply moves to a higher value ofH, and that
there is no qualitative feature that is different with
respect to the function atT , the temperature of3

the heat capacity maximum.
An important feature illustrated by the curves

shown in Fig. 5 is that by choosing a range of
temperature expansion centers, as illustrated in
Fig. 4, we then cover a wide range ofH values,
as shown by theH scale in Fig. 5. In particular,
the fiveP(H) functions shown overlap one anoth-
er, and thus leave no gaps in the values ofH
covered. The functionG9(H)yRT is thus sensitive
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Fig. 12. A schematic illustration of a probability distribution,
P(H), as a function of the enthalpy for the case where the
system has a number of significant structures, each with a fairly
broad probability distribution. In this case the sum of the indi-
vidual curves yields a unimodal overall distribution.

Fig. 13. The probability distribution,P(H), as a function of enthalpy in kJ mol for the middle peak in Fig. 1 for tRNA ; they1 Phe

expansion temperature is the temperature of the maximum in the heat capacity, 67.48C. Shown are the distributions obtained using
two, four and six moments; the final graph shows the three curves plotted together.

to the H dependence of the free energy at a
particular temperature and range ofH values. The
importance of Eq.(18) is that theH dependence
of G9(H)yRT at the temperature indicated can be
shifted to any temperature(keeping the range of

H fixed). Thus, by using a range of temperatures
we can construct aG9(H)yRT function at any
temperature that is accurate over a very wide range
of H values (in the present case, the wholeH
scale shown in Fig. 5).
Thus, takingT as a general reference temper-m

ature, we can use Eq.(18) to relateG9(H)yRT to
yRT :G9m m

H
G9 H yRT sG9 H yRTqŽ . Ž .m m R

B E1 1
C F= y qC T,T (20)Ž .m
D GT Tm

where

C T,T sGyRTyG yRT (21)Ž .m m m

We then define a version of Eq.(20) that deletes
the constantC:

B EH 1 1
C FG0 H yRT sG9 H yRTq y (22)Ž . Ž .m m
D GR T Tm
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We can now construct over a very broad rangeG0m
of H using the G9(H) given in Fig. 5 at five
different temperatures, and relating them all to
T using Eq.(22). The result of this operation ism

shown in the upper graph in Fig. 6. Each of the
five pieces of the curve shown represents one of
the G9 functions shown in Fig. 5 transformed by
Eq. (22). It is evident that between each segment
there is a jump discontinuity, which arises because
the normalizing constants,C(T,T ) in Eq. (20),m

were not used. We can accomplish the equivalent
of using the correct constants simply by eliminat-
ing the jump discontinuities in the upper graph,
giving the result shown in the lower graph in Fig.
6. It is now evident that we have a smooth,
continuous curve representingG (H)yRT over am m

very wide range ofH values. We take the reference
point for the constantC asT , and hence set thism

quantity equal to zero forG . We thus delete them

prime on G .m

Given the complete functionG (H), we canm

then constructG(H) at any other temperaturewnot
just the five temperature values used in the con-
struction ofG (H)x using Eq.(18). It is evidentm

in the lower graph in Fig. 6 thatG yRT for T sm m m

30 8C has a shallow minimum atHs0, which
means that the most probable value ofH at this
temperature isHs0 was shown by theP(H) curve
for T in Fig. 5x. Using Eq. (18) to construct1

G(H)yRT for higher temperatures has the effect of
successively moving the position of the minimum
in G(H)yRT to higher values ofH (again, as
illustrated in Fig. 5). The portions ofG(H)yRT in
the neighborhood of the respective minima for the
five temperature values we have already used are
shown in Fig. 7(we of course are not restricted
to these values of the temperature). We again
emphasize that all of the curves shown come from
G yRT shown in the lower graph in Fig. 6 andm m

transformed to higher temperature values using Eq.
(18). The G(H)yRT curves shown in Fig. 7 then
translate directly to theP(H) curves by the use of
Eq. (10), with the normalization condition given
by Eq. (11); in fact, the free energy curves shown
in Fig. 5 are the normalized versions of the free
energy curves shown in Fig. 7.
For completeness, we note that, givenG(H), or

equivalently P(H), at any temperature, we can
calculateC at the same temperature, thus comingp

back to the originalC data. GivenG(H), wep

have:

w z
x |

N MH s HexpyG H yRT dHŽ .y ~|
w z
x |y expyG H yRT dHŽ .y ~|

w2 2
x

N MH s H expyG HŽ .y|
z w z
| x |yRT dHy expyG H yRT dH (23)Ž .~ y ~|

Then

N M≠ H
22 2

N M N MC s sw H y H xyRT (24)p
≠T

SinceP(H) was constructed using at least the first
two moments of the enthalpy distributionwi.e.
P(H) gives at least the first two moments of the
enthalpy distribution exactlyx, then Eq.(23) and
Eq. (24) give the original experimental value of
C exactly.p

4. Comparison of the thermal behavior of the
tRNAs

We have carried out a similar analysis for each
of the six tRNAs shown in Fig. 2 using the same
T (30 8C) for each and taking the zero ofG (H)ym m

RT at Hs0 for T . The reference functionm m

G (H)yRT for all six of the tRNAs is shown inm m

Fig. 8. It is evident on the scale of that figure that
the reference free-energy distributions for all of
these molecules are very similar. Yet it is clear
from the behavior ofC (T) for these moleculesp

shown in Fig. 2 that there are differences in the
thermal behavior. This is best shown by plotting
the difference in the G functions. Takingm

tRNA (the simplest case) as a reference, wePhe

define the difference function for a general amino
acid X:

w x w x w xDG X sG PheyG X (25)m m m

These functions are shown in Fig. 9, and it is now
evident that there are indeed marked differences
in the behavior of this function for different
molecules.
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The general behavior ofP(H) found for the
tRNAs is contrasted with that found in many
proteinsw5x. Fig. 10 qualitatively shows the pattern
for the case in which there is a bimodalP(H),
indicating native and unfolded forms; the two
peaks change in relative intensity as a function of
temperature, shifting from one to the other. This
is in contrast to the behavior typical of the tRNAs
as shown in Fig. 11, whereP(H) has a single peak
at all temperature values, the maximum simply
shifting to higher enthalpy values as the tempera-
ture is increased.
The probability distribution for tRNAs we find,

as shown in the lower half of Fig. 5 for tRNA ,Phe

is similar to that shown in Fig. 11. We note that
this does not mean that there is a population of
more or less distinct structures. This is illustrated
in Fig. 12, where five separate peaks represent
five species. Each peak is relatively broad, and
when they are added together the result is an
overall unimodal peak. By changing the relative
intensity of each peak, a migrating peak can then
be obtained, as shown in Fig. 5.
Finally, we return to a consideration of the other

peaks in Fig. 1. As mentioned earlier, the problem
with treating the sharper peaks in Fig. 1 is that it
is very difficult to obtain accurately the experi-

mental data from the published graphs. Here we
treat the middle peak and expand the heat capacity
about the temperature of the maximum. In Fig. 13
we show theP(H) distribution functions obtained
from these data using two, four and six moments.
In this case, differences are observed in the distri-
bution functions obtained using different numbers
of moments. In particular, the distribution function
obtained using six moments exhibits notable shoul-
ders. However, when plotted together, as shown in
Fig. 13, the three curves are approximately similar.
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